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There is a growing evidence that relaxation in glassy materials, both spontaneous and externally
driven, is mediated by localized soft spots. Recent progress made it possible to identify the soft
spots inside glassy structures and to quantify their degree of softness. These softness measures,
however, are typically scalars, not taking into account the tensorial/anisotropic nature of soft spots,
which implies orientation-dependent coupling to external deformation. Here we derive from first
principles the linear response coupling between the local heat capacity of glasses, previously shown
to provide a measure of glassy softness, and external deformation in different directions. We first
show that this linear response quantity follows an anomalous, fat-tailed distribution related to
the universal ω4 density of states of quasilocalized, nonphononic excitations in glasses. We then
construct a structural predictor as the product of the local heat capacity and its linear response
to external deformation, and show that it offers enhanced predictability of plastic rearrangements
under deformation in different directions, compared to the purely scalar predictor.
Introduction.— At the heart of resolving the glass mys-
tery resides the need to quantify the disordered struc-
tures inherently associated with glasses and to relate
them to glass properties and dynamics, most notably
spontaneous and driven structural relaxation [1, 2]. Nu-
merous attempts to address and meet this grand chal-
lenge have been made [3–19], aiming at defining struc-
tural indicators with predictive powers. Achieving this
goal would constitute major progress in understanding
glassiness and would provide invaluable insight for de-
veloping macroscopic theories of deformation and flow of
glasses.
Recently accumulated evidence suggests that spatially
localized soft spots are the loci of glassy relaxation, and
hence are highly relevant for glass dynamics. These local-
ized soft spots have been related to quasilocalized, non-
phononic excitations in glasses [4–6], whose universal ω4
density of states (ω is the vibrational frequency) has been
also established recently [20–23]. Among the structural
predictors proposed, most relevant here is the normal-
ized local thermal energy [6], which quantifies the inter-
particle interaction contribution to the zero-temperature
heat capacity, termed hereafter the local heat capacity
(LHC) cα (α is the interaction index).
The LHC cα is a general (system/model-independent),
first principles statistical mechanical quantity that re-
veals soft spots in glassy materials [6]. Yet, the LHC is a
scalar that quantifies the resistance to motion in some
unknown direction. That is, like previously proposed
structural predictors in glasses (with the exception of [15–
17]), the LHC misses important tensorial/anisotropic in-
formation about the coupling to deformation in a certain
direction. For example, an extremely soft spot can be
completely decoupled from external forces applied in a
certain direction and hence irrelevant for the glass re-
sponse in this direction.
In this Letter, we develop and quantitatively test a the-
ory that allows to identify particularly soft glassy struc-
tures, explicitly revealing their anisotropic nature and
their intrinsic coupling to the direction of externally ap-
plied forces. The theory is developed in two steps; first,
the linear response coupling of cα to external deforma-
tion tensors H(γ), parameterized by a strain amplitude
γ, is derived. The resulting quantity, dcα/dγ, is shown
to follow an anomalous, fat-tailed distribution related to
the universal ω4 density of states of quasilocalized, non-
phononic excitations in glasses. Second, a structural pre-
dictor defined as the product cα dcα/dγ is proposed and
shown to filter out soft spots that are not coupled to
external deformation of interest. Finally, a metric for
quantifying the predictive power of structural predictors
is proposed and extensive computer simulations are used
to show that cα dcα/dγ offers enhanced predictability of
plastic rearrangements under deformation in different di-
rections, compared to the LHC cα alone.
Linear response coupling of the LHC to external
deformation.— The starting point for our development
is the zero-temperature local heat capacity [6, 24]
cα≡ 11
2kB
∂〈ϕα〉
T
∂T
∣∣∣∣
T=0
, (1)
where 〈ϕα〉T =
∫
ϕα(x) exp
(
−U(x)kBT
)
dx/
∫
exp
(
−U(x)kBT
)
dx,
x is a vector of the positions of all particles, ϕα is
the potential energy of any pair of interacting particles,
U(x) = ∑αϕα, and kB is Boltzmann’s constant. The
sum over the LHC, 12kB
∑
αcα = ∂〈U〉T /∂T
∣∣
T=0
, is the
thermodynamic, zero-temperature heat capacity CV.
An analytic low-temperature expansion of 〈ϕα〉T al-
lows to explicitly calculate cα [6], which takes the form
cα = ϕ
′′
α : M−1 − fα ·M−1 · U ′′′ : M−1, where · de-
notes a contraction over a single index of the relevant
tensors and : over two indices. A prime, here and here-
after, denotes a partial derivative with respect to x,
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2fα = ϕ
′
α are frustration-induced internal forces, and
M ≡ ∂2U/∂x∂x is the Hessian matrix whose eigen-
values are ω2, where ω is a vibrational (normal mode)
frequency. The low-frequency vibrational spectra of
glasses feature, in addition to extended phononic excita-
tions (long-wavelength plane-waves), also quasilocalized
nonphononic excitations, sometimes termed soft glassy
modes [20–22]. The latter follow a universal density of
states (DOS) DG(ω)∼ω4 that is different from Debye’s
theory [25].
FIG. 1. The local heat capacity (LHC) cα, cf. Eq. (1), for a
glass composed of N = 10000 particles [26]. The magnitude
of cα is represented by the thickness of the lines connecting
particles and black/red correspond to positive/negative val-
ues, see [26] for details about the thresholding procedure em-
ployed. Regions with anomalously large |cα|, i.e. soft spots,
are clearly observed. The right/left triangles correspond to
the first plastic events under positive/negative simple shear
AQS deformation and the up/down ones to the first plastic
events under positive/negative pure shear AQS deformation.
The LHC cα is far more sensitive to soft quasilocalized
modes than to extended phonons, i.e. it filters out the
effect of phonons, and is dominated by its second contri-
bution, which is proportional to the frustration-induced
internal forces fα and to (M−1)2 (scaling-wise) [6]. The
spatial distribution of cα reveals soft spots, see Fig. 1,
which are highly correlated with the loci of plastic re-
arrangements under external driving (marked by the su-
perimposed triangles, to be further discussed below).
The soft spots are characterized by a degree of softness
determined by the typical magnitude of cα in its vicinity
(note that the local stiffness ω2 of the potential energy
landscape scales as c−2α ), which quantifies the collective
potential energy barrier that should be overcome in or-
der to induce a structural rearrangement (the barrier is
proportional to ω6 in the cubic approximation [18, 27]).
The LHC cα, however, contains no information whatso-
ever about the direction, neither in the potential energy
landscape of the glass nor in real space, in which the
barrier is lowest. Consequently, an external driving force
applied in a certain direction or a spontaneous thermal
fluctuation that generates a local force in a certain di-
rection, may or may not push a soft spot towards its
activation barrier. In short, soft spots are expected to be
tensorial/anisotropic objects that cannot be comprehen-
sively described by scalar measures.
To demonstrate the tensorial/ansiotropic nature of soft
spots, let us focus again on Fig. 1, where 4 plastic rear-
rangement events are presented (triangles). Each of these
correspond to the first plastic event of the same glass
under external deformation applied in 4 different direc-
tions. In particular, we applied Athermal Quasi-Static
(AQS) [26, 28, 29] simple and pure shear
Hsimple=
(
1 ±γ
0 1
)
and Hpure=
(
1± γ/2 0
0 1∓ γ/2
)
,
respectively, in both the positive/negative (+/−) di-
rections, where γ quantifies the amplitude of deforma-
tion. All 4 plastic events occurred at soft spots, i.e. re-
gions of abnormally large LHC, but at 4 different ones.
This clearly demonstrates that soft spots are tenso-
rial/anisotropic objects that feature different coupling to
deformation in different directions.
To develop a theory that goes beyond the scalar LHC
as a structural predictor in glasses, we set out to cal-
culate the linear response coupling of the LHC to ex-
ternal deformation. That is, given a certain globally
imposed deformation H(γ), we aim at calculating an-
alytically dcα/dγ associated with H(γ). The structure
of the differential operator d/dγ reflects the intrinsi-
cally disordered nature of glasses; it is composed of
two contributions [30], one represents the affine response
of ordered systems ∂/∂γ and the other represents the
additional non-affine motions associated with disorder-
induced forces, −Uγ ′·M−1·∂/∂x, where the superscript
γ is a shorthand notation for ∂/∂γ and Uγ ′ are the mis-
match forces (that drive the non-affine motions). Oper-
ating with d/dγ = ∂/∂γ − Uγ ′ ·M−1 ·∂/∂x on cα, we
obtain to leading order in M−1 (the complete and exact
result, including all orders in M−1, is presented in [26])
dcα/dγ'−Uγ ′·M−1·
(U ′′′·M−1 · U ′′′:M−1)·(fα ·M−1)
−(Uγ ′·M−1· U ′′′ ·M−1):(M−1 · U ′′′ ·M−1 ·fα) . (2)
Equation (2) shows that the largest values of dcα/dγ
emerge from a fourth power ofM−1∼ω−2 (scaling-wise),
coupled to the energy anharmonicity tensor U ′′′, to the
internal force vector fα and to the mismatch force vec-
tor Uγ ′. Note that similarly to cα (see expression above),
the existence of frustration-induced internal forces fα —
an intrinsic signature of glassy disorder — is essential
for the emergence of abnormally large values of dcα/dγ.
3While the expression for dcα/dγ (in Eq. (2) or its ex-
act counterpart in [26]) is universal, the specific informa-
tion regarding the applied deformation H(γ) for which
the linear response is calculated is encapsulated in the
partial derivative ∂/∂γ [26], here through the mismatch
force Uγ ′. The validity of the analytic expression for
dcα/dγ has been directly verified using numerical simu-
lations [26].
Universal anomalous statistics.— We next address the
statistical properties of the linear responses dcα/dγ, fo-
cusing on the large tail of its distribution. The latter can
be predicted based on Eq. (2) and the universal DOS of
soft glassy modes, DG(ω)∼ ω4. Considering the eigen-
representation of dcα/dγ and invoking the same consid-
erations as in [6], one can show that objects such as
those appearing on the right-hand-side of Eq. (2) are
far more sensitive to quasilocalized glassy modes than
to extended phonons as ω → 0 and that the ω depen-
dence emerges only from M−1∼ω−2. Consequently, we
have dcα/dγ∼ω−8 and p (dcα/dγ) is predicted to satisfy
p(dcα/dγ)=DG(ω)dω/d(dcα/dγ)∼ (dcα/dγ)−13/8 in the
large dcα/dγ limit.
To test this prediction, we performed extensive numer-
ical simulations of a conventional computer glass-former
for both simple and pure shear [26] and extracted the
statistics of dcα/dγ. The results are presented in Fig. 2a
and are in great quantitative agreement with the theo-
retical prediction. We thus conclude that dcα/dγ attains
anomalously large values described by universal fat-tailed
statistics related to the universal DOS of soft quasilocal-
ized glassy modes, DG(ω) ∼ ω4. The relation between
dcα/dγ and quasilocalized modes suggests that the spa-
tial distribution of the former features localized struc-
tures, which will be used next to construct a generalized
structural predictor in glasses.
10-1 102 105 108
10-3
100
103
106
109 Simple Shear
Pure Shear
10-1 102 105 108
10-6
10-3
100
103
106
109 Simple Shear
Pure Shear
(b)(a)
FIG. 2. The probability distribution functions (a) p(dcα/dγ)
and (b) p(cα dcα/dγ) for both simple (squares) and pure (cir-
cles) shear deformation. The curves in each panel are verti-
cally shifted one with respect to the other for visual clarity,
while in fact they perfectly overlap, as expected from the ini-
tial glass isotropy. The theoretical power-law predictions are
marked by the solid lines and the triangles (see text for de-
tails).
A structural predictor.— We have at hand two quanti-
ties that appear to capture essential physical properties
of soft spots in glassy materials. First, the LHC cα is a
scalar that quantifies the degree of softness of soft spots,
i.e. it provides a measure for how small the activation bar-
rier for irreversible rearrangements is in some unknown
direction. Second, the linear response coupling of the
LHC to deformation in a certain direction dcα/dγ, which
provides a measure for the degree by which externally
applied forces affect the activation barrier in the direc-
tion in which they are applied. How do the two quan-
tities combine to form a generalized anisotropic struc-
tural predictor in glasses? As both cα and dcα/dγ are
predicted to attain anomalously large values at the loci
of soft quasilocalized modes, we expect dcα/dγ to sin-
gle out a subpopulation of the soft spots defined by cα
that is most relevant for the imposed deformation in a
certain direction. Consequently, we propose the product
cα dcα/dγ as a generalized anisotropic structural predic-
tor in glasses.
As a first test of the idea that cα and dcα/dγ at-
tain anomalously large values at partially overlapping
locations in space, we invoke it to predict the large
tail statistics of cα dcα/dγ. As we have cα ∼ ω−4 and
dcα/dγ ∼ ω−8 in the small ω limit, the spatial over-
lap prediction implies cα dcα/dγ ∼ ω−12, which leads
to p(cα dcα/dγ)∼ (cα dcα/dγ)−17/12 in the large dcα/dγ
limit (using DG(ω) ∼ ω4). This prediction is quanti-
tatively verified in Fig. 2b for both simple and pure
shear, lending strong support to the idea that the product
cα dcα/dγ indeed characterizes well-defined soft spots.
We next turn to the spatial properties of cα dcα/dγ,
and first consider the glass realization shown in Fig. 1,
which is shown again in Fig. 3a. The product cα dcα/dγ
under both simple/pure shear in the positive direction is
shown in Fig. 3b-c. Here, black/red correspond to pos-
itive/negative values of cα dcα/dγ (the thickness of the
lines quantifies their magnitude). Two major observa-
tions can be made: (i) Soft spots that are revealed by
cα dcα/dγ indeed overlap those revealed by cα alone, and
in fact they are more pronounced (ii) There exist two
subspecies of soft spots, one that is positively coupled to
deformation in a given direction (black) and one that is
negatively coupled to it (red), and these subspecies de-
pend on the direction of the deformation (cf. panels b-c).
Consequently, the product cα dcα/dγ reveals orientation-
dependent soft spots that offer novel predictions, which
will be tested next.
Quantifying the predictive power of the structural
predictor.— We first demonstrate the predictive power
of cα dcα/dγ using the example in Fig. 3; we expect plas-
tic events to occur at one of the softest black/red spots in
Fig. 3b when the glass undergoes simple shear deforma-
tion in the positive/negative directions, and similarly for
Fig. 3c in relation to pure shear in the positive/negative
directions. This expectation is fully supported by the
results of AQS deformation simulations [26] in the 4 dif-
ferent directions, as shown by the triangles in Fig. 3b-c.
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FIG. 3. (a) The same as Fig. 1. (b) cα dcα/dγ (black/red correspond to positive/negative values, line thickness represents
the magnitude) for simple shear in the positive direction (the right/left triangles correspond to the first plastic events under
positive/negative simple shear AQS deformation). (c) The same as panel (b), but for pure shear in the positive direction (the
up/down triangles correspond to the first plastic events under positive/negative pure shear AQS deformation).
To systematically quantify the predictive power of the
proposed structural predictor, we performed extensive
computer simulations of a large ensemble of glass realiza-
tions deformed in the 4 different directions and tracked
the location of the first plastic event in each one of them.
To quantify the degree of predictability, we used the fol-
lowing metric: the system is divided into bins of linear
size ξ = 5 particle diameters, comparable to the local-
ization length of soft quasilocalized modes [20, 22], and
assigned a value obtained from the average of the struc-
tural indicator inside the bin and all of its neighbouring
bins. A plastic event is assigned a rank λ that corre-
sponds to the fraction of the bins with a higher value
than that of the bin in which it actually occurred. The
best prediction corresponds to λ=0 (the event occurred
in the highest value bin) and the worst one corresponds
to λ→ 1 (the event occurred in the lowest value bin).
When considering the cumulative distribution function
C(λ), with 0≤ λ < 1, perfect predictability corresponds
to C(λ) = θ(λ) (Heaviside step function) and no pre-
dictability (random guess) corresponds to C(λ)=λ. This
metric depends on a single, physically motivated param-
eter ξ (the quantitative dependence of the results on ξ is
discussed in [26]).
The results are presented in Fig. 4, where C(λ) for the
absolute value of the LHC |cα| serves as a reference (cir-
cles). In Fig. 4a we consider simple shear in the positive
direction, and plot C(λ) (diamonds) for positive values
of cα dcα/dγ (the negative ones are set to zero). It is
observed that the predictive power of cα dcα/dγ is signif-
icantly larger than that of |cα|. C(λ) for negative val-
ues of cα dcα/dγ (the positive ones are set to zero) is
also shown (squares), exhibiting essentially no predictive
power, i.e. the curve is quite close to C(λ) = λ. Neg-
ative values of cα dcα/dγ provide excellent predictions
for plastic events once the deformation direction is re-
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FIG. 4. Quantifying the predictive power of structural in-
dicators with respect to plastic events under AQS deforma-
tion through the function C(λ), see text for definitions, where
C(λ) = θ(λ) (Heaviside step function) corresponds to perfect
predictability and C(λ) = λ to no predictability. (a) Results
for positive values (negative ones are set to zero) of cα dcα/dγ
(diamonds), for negative values (positive ones are set to zero)
of it (squares) and for |cα| (circles) under simple shear AQS
deformation in the positive direction. (b) The same as panel
(a), but under simple shear AQS deformation in the negative
direction.
versed (that is, simple shear in the negative direction
is applied), as shown in Fig. 4b. In fact, when the de-
formation direction is reversed, the black/red soft spots
simply reverse their roles (while |cα| remains the same,
as it is independent of the direction of the driving force),
as shown in Fig. 4b. Essentially the same results are ob-
tained for pure shear [26], as expected from symmetry,
further demonstrating the superior predictive power of
cα dcα/dγ.
Concluding remarks.— The results presented above
show that cα dcα/dγ is a promising structural predic-
tor in glasses. It is a first principles, model/system-
5independent physical quantity that reveals and highlights
the orientation-dependence of soft spots inside disor-
dered glass states. The transparent analytic structure
of cα dcα/dγ, and its relation to quasilocalized soft exci-
tations [6], allows to gain physical insight into the origin
of localized soft spots in glasses and their universal sta-
tistical properties. Our structural predictor involves only
snapshots of non-deformed glasses and the inter-particle
interactions; to the best of our knowledge, no other static
structural predictor (i.e. that requires no dynamical in-
formation as employed e.g. in Refs. [11–17]) of amorphous
plasticity that encodes the orientation-dependence of soft
spots has been put forward before. The emerging prop-
erties of soft spots strongly echo the original Falk-Langer
concept of Shear-Transformation-Zones (STZs) [31] and
should help developing predictive elasto-plastic models.
Finally, we believe that our results offer a tool to probe
the basic physics of glasses including structural relax-
ation, aging, memory effects and nonlinear yielding tran-
sitions.
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Glass model, preparation and deformation
Glass model — We employ a glass-forming model
system in two-dimensions composed of a 50:50 binary
mixture of ‘large’ and ‘small’ particles of equal mass m,
interacting via radially-symmetric purely repulsive in-
verse power-law pairwise potentials, that follow
ϕ(rij) =
 
[(
λij
rij
)n
+
q∑`
=0
c2`
(
rij
λij
)2`]
,
rij
λij
≤ xc
0 ,
rij
λij
> xc
,
(S1)
where rij is the distance between the i
th and jth par-
ticles,  is an energy scale, and xc is the dimensionless
distance for which ϕ vanishes continuously up to q deriva-
tives. Distances are measured in terms of the interaction
lengthscale λ between two ‘small’ particles, and the rest
are chosen to be λij=1.18λ for one ‘small’ and one ‘large’
particle, and λij =1.4λ for two ‘large’ particles. The co-
efficients c2` are given by
c2` =
(−1)`+1
(2q − 2`)!!(2`)!!
(n+ 2q)!!
(n− 2)!!(n+ 2`)x
−(n+2`)
c . (S2)
We chose the parameters xc=1.6, n=10, and q=4. The
density has been set to be N/V = 0.86λ−2; this choice
sets the scale of characteristic T = 0 interaction energies
to be of order unity. This model undergoes a computer-
glass-transition at a temperature of Tg≈0.5/kB for the
chosen density.
Preparation protocol — We prepared an ensemble
of glassy samples using the following protocol: first, sys-
tems were equilibrated in the high temperature liquid
phase at T = 1.0/kB . Then, the temperature was in-
stantaneously set to a target value just below Tg of the
model, where the dynamics have been run for a dura-
tion tanneal =100τ0, where τ0≡λ
√
m/ is the microscopic
units of time. This short annealing step is necessary to
avoid generating unphysical ultra-unstable glassy config-
urations that could occur in an instantaneous quench,
and is computationally advantageous compared to a con-
tinuous quench at a fixed quench-rate. After the an-
nealing step we minimized the energy to produce glassy
samples by a standard conjugate gradient method. Us-
ing this protocol, we have generated 10000 independent
glassy samples, with N = 10000. This system size has
been selected as it is sufficiently large to include several
soft spots, yet sufficiently small in terms of the associated
computational cost.
Athermal Quasi-Static (AQS) deformation —
The performed athermal quasi-static (AQS) deformation
simulations followed well-established two-step protocols
of first imposing an affine transformation H(γ) (either
simple or pure shear, in either the positive or negative
directions, see manuscript for more details) to the sys-
tem and then minimizing its energy while enforcing Lees-
Edwards boundary conditions, see e.g. [S1, S2]. These
AQS simulations have been used both to validate the an-
alytic linear response results and to test the predictive
power of the proposed structural predictor against ac-
tual plastic rearrangements/events. For the latter, the
energy of the system has been used to identify plastic re-
arrangements/events with strain precision up to 10−8 us-
ing backtracking methods. The plastic events have been
automatically spatially localized by selecting the parti-
cle with the largest displacement value as a consequence
of the energy minimization step at the occurrence of a
plastic event.
Linear response coupling of the LHC to external
deformation: Complete expression, numerical
validation and visualization
Complete analytic expression and numerical
validation — As explained in the manuscript, dcα/dγ
for a given H(γ) is obtained by operating on the LHC
cα=ϕ
′′
α :M−1 − fα ·M−1 · U ′′′ :M−1 (S3)
with the following differential operator
d
dγ
=
∂
∂γ
− Uγ ′ ·M−1 · ∂
∂x
. (S4)
The result takes the form
S2
dcα
dγ
=
∂3ϕα
∂γ∂xk∂xl
M−1kl −
∂2ϕα
∂xk∂xl
M−1kj
∂3U
∂γ∂xj∂xm
M−1ml − ΞiM−1ij
∂3ϕα
∂xj∂xk∂xl
M−1kl −
∂2ϕα
∂γ∂xk
M−1kl
∂3U
∂xl∂xm∂xn
M−1mn
− ∂ϕα
∂xk
M−1kl
∂4U
∂γ∂xl∂xm∂xn
M−1mn + ΞiM−1ij
∂2ϕα
∂xk∂xl
M−1kn
∂3U
∂xj∂xn∂xm
M−1ml (S5)
+
∂ϕα
∂xk
M−1ki
∂3U
∂γ∂xi∂xj
M−1jl
∂3U
∂xl∂xm∂xn
M−1mn +
∂ϕα
∂xk
M−1kl
∂3U
∂xl∂xm∂xn
M−1mi
∂3U
∂γ∂xi∂xj
M−1jn
+ ΞiM−1ij
∂2ϕα
∂xj∂xk
M−1kl
∂3U
∂xl∂xm∂xn
M−1mn + ΞiM−1ij
∂ϕα
∂xk
M−1kl
∂4U
∂xj∂xl∂xm∂xn
M−1mn
− ΞiM−1ij
∂ϕα
∂xk
M−1ko
∂3U
∂xj∂xo∂xp
M−1pl
∂3U
∂xl∂xm∂xn
M−1mn − ΞiM−1ij
∂ϕα
∂xk
M−1kl
∂3U
∂xl∂xm∂xn
M−1mo
∂3U
∂xj∂xo∂xp
M−1pn ,
where we used the shorthand notation Ξ ≡ Uγ ′ for the
mismatch force vector (recall that the superscript γ de-
notes the partial derivative ∂/∂γ). Note that in the
manuscript, cf. Eq. (2), only the leading order contribu-
tion in M−1 has been reported and a compact tensorial
notation has been used, while in Eq. (S6) we provide the
complete expression in component/index form.
The dependence of dcα/dγ in Eq. (S6) on a particular
imposed deformation tensor H(γ) is encapsulated in the
partial derivative ∂/∂γ that can be expressed as
∂
∂γ
=
∑
i<j
xij · dH
T
dγ
∣∣∣
γ=0
· ∂
∂xij
, (S6)
where xij is the inter-particle vector connecting the posi-
tions of the ith and the jth particles (using xij is natural
as the pairwise potential energy ϕ, cf. Eq. (S1), depends
on the pairwise distance between interacting particles,
|xij | = rij). Therefore, the dependence on the applied
deformation H(γ) is fully contained in dHT /dγ (evalu-
ated at γ=0).
In order to validate the analytic expression for dcα/dγ
in Eq. (S6), we deformed 1000 glass realizations un-
der both simple and pure shear conditions to a strain
of ∆γ = 10−5 and calculated the finite difference ra-
tio ∆cα/∆γ, where Eq. (S3) has been used to obtain
∆cα ≡ cα(∆γ) − cα(0). The value of ∆γ in the defor-
mation simulations has been chosen to be small enough
for the system to remain in the linear response regime
(and in particular to avoid plastic rearrangements) and
large enough for the results to be properly distinguished
from the inherent noise in the calculations. In Fig. S1
we present the cumulative distribution function C(Err),
where the error is quantified by
Err=100× |dcα/dγ −∆cα/∆γ|
min (|dcα/dγ|, |∆cα/∆γ|) , (S7)
for both simple and pure shear. The results, which are
as expected the same for simple and pure shear, quan-
titatively support the validity of the analytic result for
dcα/dγ in Eq. (S6).
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FIG. S1. Numerical validation of the analytic expression for
dcα/dγ in Eq. (S6) using the cumulative distribution function
C(Err), where Err defined in Eq. (S7) quantifies the differ-
ence between dcα/dγ and the finite differences ratio ∆cα/∆γ.
Data has been collected for all pairwise interactions of 1000
glasses of size N=10000, for both simple (solid line) and pure
(dashed line) deformation. The errors are very small, i.e. the
vast majority of pairwise interactions have an error of less
than 10−2 percent, lending strong support to the validity of
the analytic expression for dcα/dγ in Eq. (S6).
Visualization of interaction-wise fields — In
Figs. 1 and 3 in the manuscript we present visualiza-
tions of interaction-wise fields of both the LHC cα and
of the products cαdcα/dγ. The visualization has been
carried out as follows: given an interaction-wise field xα
(α is an interaction index, and xα represents either cα or
cαdcα/dγ), we first rescale the field such that the av-
erage of the absolute magnitude of the field values is
unity. We then threshold the rescaled field x˜α by setting
x˜α= x˜0 for all x˜α>x˜0, and discard of all interactions for
which x˜α < 1. The clearest visualization is obtained for
x˜0=6.6. The line widths presented in Figs. 1 and 3 of the
manuscript are proportional to x˜α, and their color repre-
sent the sign of x˜α, with black (red) representing positive
(negative) values. The exact same procedure as explained
above was carried out for all presented interaction-wise
fields; the differences between Fig. 3a and Figs. 3b-c stem
S3
from the different forms of the respective distributions of
the different observables presented.
Finally, we note that while in the example presented in
Figs. 1 and 3 the first plastic events in the 4 different de-
formation directions occurred at different soft spots, this
is not always the case. Yet, the systematic quantitative
analysis presented in Fig. 4 in the manuscript for a large
ensemble of glass realizations shows that Figs. 1 and 3
demonstrate a robust statistical effect.
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FIG. S2. The bin size ξ dependence of C(λ), defined in the
manuscript and plotted there in Fig. 4, for both (a) cαdcα/dγ
(under simple shear deformation in the positive direction) and
(b) cα. The bin sizes shown are ξ=4 (brown line and squares),
ξ=5 (orange line and diamonds, these results are identical to
those presented in Fig. 4 in the manuscript), and ξ=6 (green
line and circles). The predictive power of both cαdcα/dγ and
cα somewhat depends on ξ, and appears to improve with de-
creasing it in the range considered here. Note that no attempt
has been made in this work to optimize the predictive power
with respect to ξ.
The predictive power of the structural predictor:
Bin size effect and results for pure shear
Bin size effect — As explained in the manuscript
in detail, the metric we used to quantify the predictive
power of structural indicators depends on a single, phys-
ically meaningful parameter ξ that represents the typ-
ical linear size of soft spots. The latter can be esti-
mated from the localization length of soft quasilocalized
modes [S3, S4], which is determined by the linear size of
their disordered core, roughly composed of 10 particles
in linear size. Since in our metric the value assigned to
each bin is averaged over neighboring bins, the latter is
consistent with a bin size of ξ= 5, which has been used
in the manuscript. In Fig. S2 we quantify the effect of
ξ on the predictive power of both cαdcα/dγ (panel a)
and |cα| (panel b), by showing C(λ) for ξ= 4, 5, 6 (from
the top curve to the bottom one, respectively, where the
ξ = 5 results are identical to those presented in Fig. 4
in the manuscript) under simple shear in the positive di-
rection. It is observed that C(λ) somewhat depends on
the value of ξ, with better quantitative results obtained
for smaller values of ξ, and that both cαdcα/dγ and |cα|
exhibit similar trends. Despite that the results appear to
quantitatively improve as ξ is reduced, we did not aim
at optimizing the predictive power relative to ξ and sim-
ply used the physically sensible choice of ξ=5. We note
in passing that bins of 5 particles have also been used
in [S5].
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FIG. S3. The same as Fig. 4 in the manuscript, where the
predictability function C(λ) is shown (see manuscript for def-
initions), but for pure shear in (a) the positive direction and
(b) the negative one. The symbols and color code are the
same as in Fig. 4 in the manuscript, but for pure instead of
simple shear. In order to further highlight the orientation-
dependence of cαdcα/dγ, we also added the results for C(λ)
when the glass is deformed under positive (yellow solid line)
and negative (black dashed line) simple shear.
Results for pure shear — In the manuscript, re-
sults for simple shear in both the positive and negative
directions have been presented in Fig. 4. For complete-
ness, we present here the corresponding results for pure
shear deformation in Fig. S3. The figure demonstrates
that the results for positive and negative pure shear de-
formation are essentially identical for those for positive
and negative pure shear deformation, as expected from
the isotropy of the initial glass state.
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